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Smith	
  1984	
  

Horowitz	
  1984	
  

Casce[a	
  1989	
  

Casce[a	
  and	
  Cantarella	
  1993	
  

Cantarella	
  and	
  Casce[a	
  1995	
  

Watling	
  1999	
   Watling	
  and	
  Hazelton,	
  2003	
  

Watling	
  and	
  Cantarella	
  2013	
   Xiao	
  and	
  Lo	
  2014	
  

Cantarella	
  and	
  Watling	
  2015	
   and	
  others…	
  

Friesz	
  et	
  al.	
  1994	
  

Zhang	
  and	
  Nagurney	
  1996	
  

Duouis	
  and	
  Nagurney	
  1993	
  

He	
  et	
  al.	
  2010	
   and	
  others…	
  

Smith	
  and	
  Wisten	
  1995	
  

Mounce	
  2006	
   Yang	
  and	
  Zhang	
  2009	
  

Determinis(c	
  process	
  (with	
  con(nuous	
  (me	
  scheme)	
  

Stochas(c	
  process	
  

Zhang	
  et	
  al.	
  2001	
  

Friesz	
  et	
  al.	
  2011	
  



Classifying	
  Day-­‐to-­‐day	
  models	
  
•  Day-­‐to-­‐day	
  model	
  should	
  be	
  
inves(gated	
  more	
  to	
  solve	
  the	
  problem	
  
on	
  proper(es	
  of	
  equilibrium	
  solu(on.	
  
• How	
  to	
  build	
  a	
  model?	
  
– There	
  are	
  many	
  ways	
  to	
  construct	
  	
  
a	
  day-­‐to-­‐day	
  model.	
  
– Need	
  to	
  be	
  classified	
  so	
  that	
  we	
  can	
  
understand	
  how	
  each	
  model	
  aims	
  to	
  
describe	
  actual	
  human	
  behaviour.	
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State	
  vector	
   “…,	
  we	
  shall	
  restrict	
  a:en4on	
  to	
  systems	
  
that	
  are	
  autonomous	
  (the	
  func4onal	
  
dependence	
  on	
  past	
  states	
  is	
  4me-­‐invariant)	
  
and	
  1-­‐dependent	
  (the	
  dependence	
  may	
  be	
  
wri:en	
  as	
  a	
  func4on	
  of	
  the	
  immediately	
  
preceding	
  states	
  only,…)”	
  	
  

Watling	
  (1999)	
  
(highlighted	
  by	
  the	
  speaker)	
  

Time	
  described	
  as	
  a	
  discrete	
  number	
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•  “As	
  an	
  alterna4ve	
  to	
  the	
  equilibrium	
  approach,	
  we	
  
introduce	
  an	
  explicitly	
  dynamic	
  model	
  in	
  which	
  each	
  
agent	
  occasionally	
  reconsiders	
  his	
  choice	
  of	
  strategy,	
  
using	
  myopic	
  rules	
  to	
  adjust	
  his	
  ac4on	
  in	
  response	
  to	
  
their	
  current	
  strategic	
  environment.	
  …”	
  

•  “Myopia	
  means	
  that	
  revisi4ng	
  agent	
  condi4on	
  their	
  
choices	
  on	
  current	
  behavior	
  and	
  payoff	
  opportuni4es;”	
  

(Sandholm,	
  2010a)	
  
(highlighted	
  by	
  the	
  speaker)	
  



Classifica(ons	
  (1)	
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Watling	
  (1999)	
  

1.  Con(nuous	
  (me	
  or	
  Discrete	
  (me?	
  
2.  Determinis(c	
  process	
  

or	
  Stochas(c	
  process?	
  



Con(nuous	
  (me	
  vs.	
  Discrete	
  (me	
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( )( 1) ( )  t t+ =x f x

( )( ) (1 ) ( ) ( )t t tα α α+ = − +x x f x

( )
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( ) ( )lim ( ) ( )t t t t
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α→+

+ −
= −

x x f x x

( )( ) ( ) ( )t t t= −x f x x&

Discrete	
  (me	
  model	
  

Con(nuous	
  (me	
  model	
  

Exponen(al	
  
Smoothing	
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( ( )) ( ) ( ) ( )a b ba a ab a
b A b A

f t x t x t x tρ ρ
∈ ∈

= − +∑ ∑x

1( ) ( ( ),..., ( ),..., ( ))i mt x t x t x t=x

abρ
Propor(on	
  of	
  users	
  	
  
changing	
  their	
  choice	
  from	
  a	
  to	
  b. 
(depends	
  on	
  x(t)	
  in	
  some	
  way)	
  	
  

#	
  of	
  users	
  coming	
  
from	
  other	
  choices	
  

#	
  of	
  users	
  going	
  
to	
  other	
  choices	
  

A:	
  Choice	
  set	
  
m=|A| #	
  of	
  users	
  selec(ng	
  choice	
  i.	
  	
  



( ) ( ) ( )a b ba a ab
b A b A

x t x t x tρ ρ
∈ ∈

= −∑ ∑&

General	
  form	
  of	
  func(on	
  f	
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ODE	
  appears	
  in	
  
Sandholm	
  (2010ab)	
  
(with	
  minor	
  modifica(ons)	
  

Next	
  ques(on:	
  How	
  to	
  determine	
  ρab?	
  



Classifica(ons	
  (2):	
  Ways	
  to	
  set	
  ρij	
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by	
  Sandholm	
  (2010a)	
  

1.  Imita(ve	
  Dynamics	
  
	
  e.g.	
  Replicator	
  Dynamics	
  

2.  Excess	
  Payoff	
  Dynamics	
  
	
  e.g.	
  Brown-­‐von	
  Neumann-­‐Nash	
  (BNN)	
  Dynamics	
  

3.  Pairwise	
  Comparison	
  Dynamics	
  
	
  e.g.	
  Smith	
  Dynamics	
  

4.  Best	
  Response	
  Dynamics	
  /	
  Perturbed	
  BR	
  Dynamics	
  
5.  Projec(on	
  Dynamics	
  



1.	
  Imita(ve	
  dynamics	
  

26	
  Sep	
  2015	
 The	
  14th	
  Summer	
  course	
  for	
  Behavior	
  Modeling	
  in	
  Transporta(on	
  Networks	
  /	
  T.	
  Iryo	
 13	


ab b abx rρ =
Players	
  tend	
  to	
  select	
  a	
  
choice	
  that	
  is	
  used	
  by	
  others.	
  

[ ]ab b b ax u uρ += − Replicator	
  dynamics	
  

e.g.)	
  

0     if 0
[ ]

     otherwise
x

x
x+

<⎧
= ⎨
⎩

U(lity	
  of	
  strategy	
  a 

Taylor,	
  P.,	
  &	
  Jonker	
  (1978)	
  
Schuster	
  &	
  Sigmund	
  (1983)	
  where	
  



2.	
  Excess	
  payoff	
  dynamics	
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( )ˆab b au uρ ρ= −

Weighted	
  mean	
  of	
  
u(lity	
  for	
  all	
  players	
  

1
a a

a A

u m x u−

∈

= ∑
#	
  players	
  

e.g.)	
  

[ ]ab au uρ += −
Brown-­‐von	
  Neumann-­‐Nash	
  
(BNN)	
  dynamics	
  

Brown	
  &	
  von	
  Neumann	
  (1950)	
  
Nash	
  (1951)	
  



3.	
  Pairwise	
  comparison	
  dynamics	
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sgn( ) sgn([ ] )ab b au uρ += − ‘Sign	
  preserving’	
  

Users	
  move	
  to	
  strategy	
  	
  b only	
  if	
  
doing	
  so	
  increases	
  their	
  new	
  u(lity.	
  

e.g.)	
  

[ ]ab b au uρ += − Smith	
  dynamics	
   Smith	
  (1984)	
  



4.	
  (Perturbed)	
  Best	
  response	
  dynamics	
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argmaxab b a a
a A

y uρ σ
∈Δ

∈

= = ∑y

exp( )
exp( )

b
b

a
a A

u
u

θ
σ

θ
∈

=
∑

Best	
  response	
  
(Gilboa	
  and	
  Matsui(1991))	
  

Perturbed	
  best	
  response	
  
Logit	
  type:	
  Other	
  types	
  such	
  as	
  Probit	
  can	
  be	
  formulated.	
  
(Honauer	
  &	
  Sandholm	
  (2007))	
  

ab bρ σ=
Target	
  protocols:	
  
ρab	
  depends	
  on	
  a	
  status	
  
of	
  the	
  target	
  choice	
  (i.e.	
  b)	
  only.	
  	
  



5.	
  Projec(on	
  dynamics	
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[ ]b a
ab

a

u u
nx

ρ +−
=

[ ]ab b b ax u uρ += −Compare	
  with	
  
the	
  replicator	
  dynamics	
  

“…	
  it	
  describes	
  the	
  behaviour	
  of	
  agents	
  who	
  are	
  uncomfortable	
  
playing	
  strategies	
  not	
  used	
  by	
  others”	
  (Sandholm,	
  2010a)	
  



Classifica(on	
  of	
  dynamics	
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Posi(ve	
  correla(on	
  

Nash	
  Sta(onary	
  

Sandholm	
  (2010a)	
  



Global	
  convergence:	
  Poten(al	
  game	
  

•  The	
  combina(on	
  of	
  (C),	
  (NS),	
  and	
  (PC)	
  
implies	
  that	
  the	
  dynamics	
  always	
  
converges	
  to	
  a	
  Nash	
  equilibrium	
  point	
  if	
  
the	
  u(lity	
  func(on	
  can	
  be	
  associated	
  
with	
  a	
  poten(al	
  func(on,	
  i.e.	
  there	
  
exist	
  Φ	
  	
  sa(sfying	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  .	
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( ) ( )= ∇Φu x x

Sandholm	
  (2001)	
  

(Poten(al	
  game:	
  Monderer,	
  D.,	
  &	
  Shapley,	
  L.	
  S.,	
  1996)	
  



Global	
  convergence:	
  Stable	
  game	
  

•  The	
  global	
  convergence	
  for	
  any	
  
pairwise	
  comparison	
  model	
  is	
  also	
  
guaranteed	
  if	
  the	
  u(lity	
  func(on	
  is	
  
monotonically	
  decreasing,	
  i.e.	
  

– 	
  called	
  ‘stable	
  game’.	
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( ( ) ( ))( ) 0   X
g

g g g g
a a a a

g G a A

u u x y
∈ ∈

− − ≤ ∀ ∈∑∑ x y x, y

Honauer	
  and	
  Sandholm	
  (2009)	
  



More	
  general	
  cases?	
  

•  Local	
  stability	
  analysis	
  
•  Instable	
  case?	
  
– Within-­‐day	
  dynamic	
  traffic	
  assignment	
  
cf.	
  Iryo	
  (2013)	
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