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Why advanced models are needed?
A case of route choice
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Closed-form and open-form

« Closed-form expression

— A mathematical expression that can be
evaluated in a finite number of operations
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« Open-form expression
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Pros and cons

« Closed-form expression

— Pros
« Easy to use in practice

« Can be embedded into a larger modeling system as a
subcomponent

— Cons
« Not flexible enough in some cases

« Open-form expression

— Pros

« Very flexible and any kind of closed-form models can
be approximately modeled

— Cons

« Behavioral understanding of the model is sometimes
difficult



Contents (closed-form models)

1. McFadden’s G function (McFadden, 1978)
» Route overlap

2. Generalized G function (Mattsson et al., 2014)
» Route overlap and route length

3. Recursive logit (Fosgerau et al., 2013)
> Route enumeration



Discrete choice models
[based on Hato (2002)]

Multinomial Probit (MNP) Open-form models

(Thurstone, 1927) Closed-form models
Norlmal to Gumbel |
Multinomialﬂogit (MNL) oo ‘ Heteroscedastic /mixed distributions
(Luce, 1959) " Error component logit (ECL); Mixed

logit (MXL); Kernel logit (KL);
Heteroscedastic logit (HL)

Generalization

Nested logit (NL) (Boyd and Mellman, 1980; Cardell and
(Ben-Akiva, 1973) Dunbar, 1980; McFadden, 1989; Bhat,
Generalization 1995; See Train (2009) for details)
Generalized extreme value (GEV)
MFaddn, 1978 Gumbel [ Weibull to GEV (not MEV)]
[ —L | to Weibull Multinomial weibit (MNW)  g-generalized logit
Paired combinational Cross-nested logit (Castillo, et al., 2008) (Nakayama, 2013,
ogit (PCL) (Chu, 1981) (CNL) (Vovsha, 1997) BRI \kayarnajand
Generallzatlon | zatl Chikaraishi, 2015)
v

Generalized nested logit (GNL), recursive nested [l eIt RcRit s o dle s Variance

logit extreme value model (RNEV), network-GEV (Mattsson et al., 2014) stabilization
(Wen & Koppelman, 2001; Daly, 2001; Bierlaire, 2002) (Li, 2011)

Derived from McFadden’s G function or “choice
probability generating functions” (Fosgerau et al., 2013)

Derived from the generalized G function




(McFadden, 1978)

McFadden’s G function

The properties that the ¢ function must exhibit

@ G(yilrinr ---,yi,i) >0

@ G is homogeneous of degree m : G(ay;y, ..., ayij,) = a™G(¥i1, -, Vi)

@ lim G(¥i1, Vi, ...,yl-]l.) = oo for any j

Yij—®©

@ The cross partial derivatives of G satisfy:

>0
0Yi10Yiz-0Yik

When all conditions are satisfied, the choice probability can be defined as:

N R Vi
eVij . Gj(eVll,eVlz, ., @ ”1)

Pij = G(eVin,eviz, ..., e Vi)

(Where, G] = OG/ByU)

Assumption: F(€iq,...,€) = exp{—G(e €1, ...,e )} DS u;j = Vi; + €
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Derivation of choice probability

Suppose u;; = V;; + €;5, where (e;4, ..., €;;) is distributed F defined as:

F(€i1, ..., €5) = exp{—G(e™ €1, ...,e " “U)} | multivariate extreme value (MEV) distribution (NOT GEV)

Then, the probability of the first alternative P;; satisfies:
+ 00
P = J Fl(e, Vii—=Via+e€.., Vi =V + E)de
€E=—00

+oo
j e~€G,(e~€, e € VirtVia  o=€VirtVi)

| X exp{—G(e_e, e—e—Vi1+Vi2’ . e—e—Vi1+VU)} de

E€=—00

too Uses the linear homogeneity

J e_EGl(eVily eViZ’ "')eVU) dE
X exp{—e€e VirG(eVn,eViz, ..., e"1)}

€=—00
eVi1(;1 (eVir, ez, ., eVi])

G(eVir,eViz, ... e"i)




Some examples
| Gtmaion | Choleprobanily

Logit g b exp(V;;)
e 7o exp(Viji)
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(a)Route overlap

Illustration

Link 1 [travel time: 20]

Path 1 = {Link 1} [travel time: 20]
Path 2 = {Link 2, Link 3} [travel time: 20]
Path 3 = {Link 2, Link 4} [travel time: 20]

Origin Q Link 3 [travel time: 10] ) Destination

Link 2 [travel time: 10]

Nested logit

Link 4 [travel time: 10]

o
— |4
p — exp(fx) @ | |Choice probability of Path 1
1 — 1 o
exp(Bx) + exp(ﬁ A) © Y
exp(E A) s ©
o, 1 P & < | |Choice probability of Path 2
Pr=bs=5" 1 S
exp(Bx) + exp(ﬁ A) ~
. Choice probability of Path 3
X A = In(exp(pBx) + exp(pPfx)) o |4 P Y
o

B is fixed as —0.2 2 4 6 8 10 |,



(Mattsson et al., 2014)

Generalized G (A) function

The properties that the A function must exhibit

@ A(Yiv Yizs Vi) 2 0

@ A is homogeneous of degree one: A(ayiy, ..., ayi;,) = aA(Yi1, -, Vis,)

3 lim A(yl-l,yl-z, ...,yi]i) = oo for any j

Yij—

@The cross partial derivatives of A satisfy:

(_ 1)k—1 akA(YiLJ’iz,...,yl-]i)
0Yi10Yiz"0Yik

=0

When all conditions are satisfied, the choice probability can be defined as:

_ Wij y Aj(Wil’WiZ’ ...,Wi])

P.. =
¥ A(WillWiZI""Wi])

j (Where, A] = aA/aWU)

Assumption: | F(xiq,...,x;;) = exp{—A(=wiIn[¥(x;1)], ..., _Wijln[qj(xi])])}

When w; = " and ¥(x;)~i.i.d. Gumbel, A function becomes McFadden’s G function




(Mattsson et al., 2014)

Derivation of choice probability

Note that Pr[mEaJXXij <x] =F(x,x,..,x), where F is defined as:
]

F(xi1, rxiy) = exp{—A(—wil In[¥(x;1)], ..., —wy; ln[lll(xi])])}

Then, the probability of the first alternative P;; satisfies:

P, = j F,(x,x,..,x)dx
X€E;
j o—A(~-Wi In[¥()],...~wi; In[¥()]) 5

Ay (—wi In[¥ ()], ..., —wyy In[P ()]) - w px) | dx

N () \
Al(W) A
e i (w)-1
= Wi A(W) lA(W) [‘P(x)]' v w(x),dx Uses the linear homogeneity
X€LQi  —density function of F
Py
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Some examples
| Ghunion | Choiceprobabilty

Under the assumption of independence (Mattsson et al., 2014)

Logit A: summation, w;; = efVy, p. — eXP(ﬁVij)
(Gumbel) ¥ (x;;)~Gumbel(B, 0) 75l exp(BViy)
Weibit-type A: summation, w;; = V;;”, p. — VB
(Frechet) ¥(x;;)~Frechet(B,1) Y Z]], 1Vuﬁ,
Weibit A: summation, w;; = V;; 7%, . sz_ﬁ
(Weibull) W (x;;)~Weibull(B, 1) oy

Under the statistical dependence (Chikaraishi and Nakayama, 2016)

Bb;
P exp[ l]]
Al l] = Bbll )
Nested A=3K (ZjEBlWilj-Ml) , wyj = eP@utby), 2[1'611 eXp[ ]]]
logit _ exp[Bay+Aiboir
g W(xl]) Gumbel(ﬁ) O) 257:1 eXp[Bail,-I-)'l’E()il’]
bou = In Y ¢, exp(Bb;;/A;)
_B
a _ b, (a)~B(b .)/11
—_vK 1/2;\1 _ B pP.. = J . il 0il
Nested A—Zl=1 (szBlWij ) Wij = (ailbij) 19 _/% Z{‘,=1(aiu)'ﬁ(5oiu)l”

weibit W (x;;)~Weibull(B, 1) Zjren, Pij -
bOll ZJE]I :



Illustration

Share
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Link 1 [travel time: X]

Link 2 [travel time: x + 5]

(b) Route length
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.
Illustration

Link 1 [travel time: x]

Path 1 = {Link 1} [travel time: x]
Y Destination | Path 2 = {Link 2, Link 3} [travel time: X + 5]
Path 3 = {Link 2, Link 4} [travel time: x + 10]

Origin Q Link 3 [travel time: x/2 + 5]

Link 2 [travel time: x/2] Link 4 [travel time: x/2 + 10]

Nested logit Nested weibit

p === 1.0 (logit)
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. .
Recu rSIve Iog It Fasgerau et al. (2013)

The recursive logit model corresponds to a dynamic discrete choice
model where the path choice problem is formulated as a sequence
of link choices (same as Akamatsu (1996))

Vit (a)

| D
.%. d

" A set of links

Vn (alk)

) 4

u(alk) = v(alk) + V(a) + ue(a)
where  V(k) = E[ag}f(ﬁ)(v(alk) +V(a) + pe(a))]

/ \
Instantaneous cost / i.i.d. error terms (Gumbel)

The expected maximum utility to the destination
16



Fasgerau et al. (2013)

Recursive logit

u(alk) = v(alk) +V(a) + ue(a)

where V(k) =E [arerhaé)(v(alk) +V(a) + pe(a))]

e%(v(a|k)+v(a))

Link choice P(alk) =

Probability: %(v(allk)w(ar))

ZaleA(k) e

] I-1 -1
Route choice P(c) = ‘ ‘ P(kiyq|k;) = ‘ ‘ eV(Kit1lki)+V(kir1)-V (k)
probability:

o=k}, e~V (ko) n eV (Kivalki)

Log-likelihood: 1

N In—1
N R ‘”{‘”)

Can be analytically obtained 17



Fasgerau et al. (2013)

Illustration

Incidence matrix L

a

01 1 0 0 O
0 0 0 0 0 1
I 0 0 01 1 O0
0 0 0 0 0 1
0 0 0 0 0 1
0 0 0 0 0 O
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Vector of the expected
maximum utility Z (u = 1)

1
/eV(O) _ z Lo, - e?@0+V(@

acA

oV — Z Ly, - e?@n+@

a€eA

oV (@) — z L,, - e"@2+V(@

acA
oV(3) — Z Ly, - e?@d)+v@
acA
oV — Z L,, - e?@9+v@
\ acA
eV (@ =1

\

/

k i

Fasgerau et al. (2013)

Matrix defining instantaneous utility M (u = 1)

a
| 0 ev(1|0) ev(2|0) 0 0 0 |
/o 0 0 0 0 eo\
0 0 0 ev(B12)  Lv(4]2)
0 0 0 0 0 eV
\0 0 0 0 0 e° /
0 0 0 0 0 0

Elements of Z and M:

@ z Ly - €@V @ v e 4
Zy = =

acA

1 k=d

My = {Lka . ev(alk) a € AK)
0 k=d

Zz=Mz+b 2 z=-M)"'b~—b=0 00 0 0 1)

V(k) can be analytically obtained 19



Generalization of recursive logit

Recursive logit (Fosgerau et al., 2013)

u(alk) = v(alk) +V(a) + ue(a)

h —
where  pp) = E LrEnAaé)(v(aM) +V(a) + ue(a))]

Nested recursive logit (Mai et al., 2015)

u(alk) = v(alk) +V(a) + ure(a)

h _
where ) = E L?Aa()zg)(v(alk) +V(a) + Mke(a))]

Generalized recursive logit (Mai, 2016)

u(alk) = v(alk) + V(a) + ue(a)

where V(k)=E l max (v(alk) + V(a) + e(alk) — l)]
acA(k) / Uk
Following the MEV distribution (expressed through G function)
Generalization leads to difficulties in model estimation (as usual) 20



Highly recommended!

« Kenneth E. Train

« Discrete Choice Methods with Simulation
« Cambridge University Press

« Second edition, 2009

« https://eml.berkeley.edu/books/choice2.html
Chapter 1. Introduction
Chapter 2. Properties of Discrete Choice Models
Chapter 3. Logit
Chapter 4. GEV
Chapter 5. Probit :
Chapter 6. Mixed Logit Discrete
Chapter 7. Variations on a Theme Choice

; . Methods
Chapter 8. Numerical Maximization with
Chapter 9. Drawing from Densities
Chapter 10. Simulation-Assisted Estimation
Chapter 11. Individual-Level Parameters
Chapter 12. Bayesian Procedures Kenneth E. Train
Chapter 13. Endogeneity
Chapter 14. EM Algorithms

e =

Simulation

.,,
SECOND EDITION
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